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ABSTRACT

The exis tence of periodic so lu t ions  h a v i no  p r o sc u  ibe~ ~‘r~c 10

a Hami l ton j, an system of o rd inary  d i f f e r e n t i a l  eq u a t i o n s  is s t u d i t ~J.

It is shown in p a r t i c u l a r  that  if  the  H a m i l t o n ian  is  of c1~ iss i c~i i

type , i.e., H(p,q) K(p,q) + V(q) where p, q 1R~~ , ~ind K ~in d

V s a t i s f y K ( O ,q) = 0 , P0 }~~lP~ 0) 0 , K ( p , q )

D = ]R I 0 ‘~ V (q) • - H is d i f f e o m o r p hi c  to th e  unit h~i 1 1 i n

m n and V
q � 0 on ~D, then Hamilto n ’s equations ,

(* )  i =  ••~flq q =  H

have a periodic solution on H 1(l)

Key Words : Hamilton ian sys tem of ordina ry different i .u l ~‘quat ions ,
energy surface , periodic orbit , critical ~‘oi nt  , id

integral , canon ica l  t r a n s f o r m a t i on , t .aqranie m t i lt  ii I ~~~
index theory , equivariant mappinq

Subject C l a s si f i c a t i o n: 34C 15 , 34C25

Work Unit Number 1 - Applied Ana l y s i s

Sponsored by the U n i t e d  S ta tes  Army u n d er  C o n t r a c t  ~~~ I ’A A C . ~ 1- 
~— C

0024  ari d the O f f i c e  of Nava l Research  under  Co nt v ~ic t  N o .  N (~~ O I 4 -
C — 0 3 0 0 .



~
‘1GNlF1CANCE AND EXPLANATION

\
11a m i I t on ’s equ at  ions are  bas ic  in the s tud y of theoret  i ca t

A p a r t  iou t a r  c lass  of mot ions  of in  te rest f o r  ( *

i o i i  o~I ic ones . For H a m i l t o n  ians  which  a re  of t h e  I orm

I 1 1 p , ~ ’~ K ( ~~,q ) V ( q )  , we q i v e  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e

i Ut ’ i c a t o! pot en t i a 1 cue rq i es K and V t o  sat  i s  f y so t ha t  ( *

:~;os .i po i i od i c orb i t on a prescribed one rqy s u r fac e .

H

~~~~~ 
.1~

_._

;p ’ r s  hi i t  v t o i  t lie W Ord i l i t i  ~i i i& i  V i eW S  ex resst’d i n t lii
1 t I ~ • a tmm , i  i v I i ‘s w it h MRC , and  not wi t Ii t he ant hei o I

1 i ~~~~ ‘~~~‘~~‘
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Periodic solutions of a H arn i l tonian system
on a prescribed energy surface

Paul H.  Rabinowitz

il . Introduction

Consi~ er the Hamiltonian system of ordinary differential equation

0 —I \
( 1.1) z = H ~ ‘ 2 =  I

I 0 /

where z = (p ,  q) , p ,  q ~ and H : — R . A basic question of

interest in the study of Hamilto nian mechanics is the existence of periodic

solutions of (1.1) on a given energy surface. Simple examples show that

there need not exist any periodic orbits [1] . Some recent results of a

positive nature were proved simultaneously by A. Weinstein [2J and the

author [3]

Theorem 1.2 : Let H E C1(]R2
~~, R) with H 1( 1) a manifold which is

diff eomorphic to 52 n 1  under radial projection. Then (1 .1) possesses a

periodic solution on H 1(l )

Wei nstein actually obtained the special case in which H~~(l ) bounds

a convex region and H E . A key step in his proof is the following

theorem which is of independent interest:

Theorem 1.3: Let H(p 1 q) = K(p,  q) -i V(q) where K E IR)

V E  C2 (R~’,P)  and satisfy :

~~oisored ~y th~’ Un itc~ st~ f~~i i\r ~~y under Contract No. DAAG29-75-c--
00 24 and the O f f i c e  of Naval  Research unde r Contract No. N 0 O0 14 — 7~~-C—0300.



I t  { q  ( I  V(.~) i} , then V~ ~ 
I) ~n ~)J) .

(V , ) Thcre o X i t S  a ‘
~

‘ i i t t el n i i r p l i i s n i  of ll~~ t o  : ;IR h t h a t  t he

op~~ :i n i t  h a i l , , i i i  i s  i l i t i t e t n o r p h i c  t o  I)

(K , )  l ’ot . i o t :  ~; I , K~ ~ , i~ and K( ‘ I is ii aii~ i t i  i ft

1 .

( K , I ’~’t t 
— I

l i n i  K(~ : ~
‘ q)  I —

I ’iit ’n th er ~’ oxi:;ts a ‘j’ and a :~~ 1u t i c t i i  = (p  , q) tot ( I .  L’ ~ i tc h t h a t

q(T )  c IF) ~~~~~~~ ~; ( t )  P tot 0 t ‘I’

Since h l ( . l t t )  I ~et t li i :; : ) l : : t t O i l  , ii  I )  I ) . hxt t ’ti.1i n~i p j :  an

hi I i :~ t i  on  a a s  a n  0 v~ ‘i i  t u not  I on at  ‘on t (
~ a ih  I 1’ a i d  ii si nn ( K I

t h ,  i ~ a .~ 
1’ 011 ~ i i  el l i t  lo l l  ‘I ( 1 . 1)

\\ ~‘ j t l t t ’j 1l ’ p l t ’s ’t t~~t 1 t 1 ~ ’i. )t~t.’t1i I .  j~~ ~‘5 j ;t t j  in  p art  t o t  ~5 t r L i r \Voi .

~~ i [ i t  [ I I t he : i t ’s I a l  t.~~~I5 t’ of K( p , ii)  �_ a . • ( q )  i ’ . p .  w h e t e  ( ..I . ( ~ j 1)

i s  si to i t t  Vt ’ t t  t i l U t e  i l i at i ix  i i n i t o i  t u f t  t ot  P . Rou~i hi1 y ::pt ’aL i i t q  t h e

i t  101. : :  :[ 1’h i t  o t t ’ :: I . ii . jt t i i i  l l t ’~ I a :  t i e t o t h ’  :10:: toi  t h e  R i t  sila n i t i a n

t n t t t t  F K it  i t ‘i t ! : t t i n s  L t ’r ::j i t  F K t o t  \\~ 1 tis t etti

A t a t h i t  i i i~ t t~ i out pu ~ odut  t ’ ~V S I : ; i i  ed to p t c \ ’ t ’ T h i t ’t t i t ’ :n I •~ ~ [ I
at :;t [ ‘

~ 
[or . 1  I t t  i th  i tot ) . i i i  h i t  : ~ wt w i l l  : 1  I t  \V i h  t\ \  t i

:t i ~ ti ~ 1 i . F i ~i it 
~‘ 

I t  I ’  Li ~t t I . L i t  n t  1 i  .1 i~~’ t S t  I . t l i t

\ l : ; l o t l  ot  I~ , l . To t a t e  i t ,  t i  d , P t  , i t t  ( a ,  P1 ~i t i e t ’ [ l i t

i i  fl~ I t i n t  1 ‘ i t  l i l t  t e! i a i~ I H . it I

I , t ! t l i t  ‘ t t  :: I i t  I t  t I i  t t i  i t  i t t  t o t  w i 0 I t  i t t

‘.5 . I’

-- .5 - - - ,~~ 
- 

~~~~~~~~~~‘
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Theorem 1.4: Let H(p, q) K(p, q) 4 V(q) where K i C
2
(R~~ 1 ~ )

V C1(I~~ , R) , V satis fies (V 1) — (V , ) , arid K satisfies

( K 1) For qc D , K(0,q) = 0 and (PP K~ (P~~~))
fl 

0 for p~~~0

and ( Kj  . Then (1.1 )  possesses a periodic solution on H ’(l)

Remark 1. ~‘: It is straightforward to verify that (K 1) — (K , ) and (V 1) — (V2)

imply  that H ’( I ) contains a compact manifold , ~i , which is the boundary

of a neiqhhorhood ~ of 0 in . Moreover If (p ,  q) ~ and q D ,

then (p R t
~~( p , q )  ~

} is a star—shaped region in Er” 
. Also if

q € D and H (p  , q) 1 , then (p , q) ~ Tr~ .

In §.i , ft, makin g a canonical transformation, the proof of Theorem

1.4 wil l  he reduced to the special case of D = B1(O ) . This ~ ansformaUon

reduces the smoothness of H by one derivative , but fortunately if

D B1(0 )  , H need only sat isfy H ~ C’(R ~~~, R) for our proof. Some

further modifications are made to H in §.i converting it to a more suitable

Hamil to nla n for our methods. Finally In § we prove Theorem 1.4 for the

modifi ed probl em. r ol lowlnj  [ 
~
] , the basic idea is to obtain a solution of

(1.11 on iI
_ 1

( l )  as a critical point of the action Integral

(1. t’) A (z) f (p, ~
) 

~ 
dt

‘0 R

s u hj  cot to the constraint

S ~~~---
.-

~~~~~
. 5 — -~~ ~~~~~~ -



) h i t . 1 t ~ - 1 .

H t -  :~ t )  = (~~( i ) , ~( t 1 ) t  I 4v - . 
, . I

11~~u i 
~~~~~~~~ F i :  :‘ t t  l i i i i ~~~~t ~~~.

~ :1 p i~ 
- - . tot 

~~
- n : t  :: o t t 5  0. V. 11011 t o i  i s  I I ‘ t 1 ‘ I I  ‘1 ‘ -

i t  - : . t : r -  i l i t t -~ : t , t : t t ’ . A t i . , l i t n a I ~~~-~ - i :t ~- 1 - .~ : : - t - 5 : t t  i L . ’ I -

t .  I - i . : i 5 t o te  : : i : i t i :  l i t  ‘. xviII - i  .~ ‘t - I LO i ~ ~~ t 1

H

Hi5 ’ ’ ( I . ~~) t o  i i l a t : i i t t 5 ’ o t , i u : v O t t - l t i , h l ( o t t ) )  ctoli::t5io : so ~i .  ~)

I 1 i t )  . A l t - i i s o ; ~ 5 t l i i i : t , Pt ’ t ’ t t t t ’ :: a .~ o~ i t t o s l t s

t i .  I )

0 to oH ~. : t ~i i t  c~ I wa~ - H I~: t i t  t at  ‘ t  I t  : tot I I :  1 : 1-:

t i .  t o e : :  : . t t  at  : t  I . I . I I  - - i to t  - Wto . . . t  I t  - . 1 5  - N I  O a t  100 1 I ~~ - t ‘to I t  ‘

th is t I -:e:: 1 :;! - t i n . :  A to t 1 II 0 : t  l : t t ’: 1 :  t to l ~~ I 0 0 1 1  t e l . : : .  to I

t i l l s ~~i l l t :  t~- t i t l o 5 t l  p t o i I : t .  - ‘! thi ~’ t~~- I - t o \ i t : l t o  t t ~~- Ie t ~t ¶ ‘ I t ! !  t v ; : t ! .  : : t l 5 ’ i i , :  s o t - . .

- - :  t i i .  i ‘:; t o  i a : ; . ; to ~i 11111 i t  i . . :  l i : ;  a ;to I: - !  t o :  I to ( I . i” 1

Al t t o  t I  - . 1  i o: - - p: ‘ : 1 :  ‘0 III t i  - - 1 0 :  t o :  I ‘to t  ~‘ I I 1 : ;  I . .~ , I . ,

1.1 1:-  ~\ ! I t  t i  l U t o l I t O  t - t a t ,  : : t ~ - ; : t  t a : ;  0, ’ ! 1 1 5 1 , ! t  t o o : t  t i ; t - : I : l ’ o o ~ - t ol ~~i : : t I : : s

~‘t t i o d t - t i - i t  . to:: - \ ~~l ~~~~~ , t~ I i  . h ’ .~ t .  i t  I t  t t o I I : : t s .  e! a

I 1 1 1 1 1  t - . - t t - i t t 5  i t  t - I t t  hi ~ ‘i tot  - P t t ‘I 0: i t  ~‘ 1~ , a : s O t  I I

‘\ t I l t I I ;  [ I ~ ci I’ I )  , t ; ; e t t : :  0~ , \ t :t , ’ l i t e c~ ~t t  i ’ ~i : : I ii ~: t o t i o 5  I : - o t t~ 
-

t o l l  1 t ( ~~ el i i i  : O i ! i I s  t .  i i t t v  : 0 1 1 1 1 1  - i t
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§2. The modified problem

We begin this section by reducing the proof of Theorem 1.4 to th o

following result :

Theorem2.1: Let H(p,q)= K(p,q)4V(q) where KE

V E c1(R ” , R) and K,V satisfy

(Vi ) 0 ~ V ‘~~ 1 in B1(0) and Vq ~~

‘ 0 and aB1(o)

(K~) For q € B1(
0) , K(O , q) = 0 and (p, K ( p , q )) - - 0 ii p � 0p 1~n

(K~ ) For q E B
1

(0) and p E S~~
1

lim K(~~p,q) > I - V(q)
a

Then (1. 1) possesses a periodic solution on H 1(1) .

To carry out the reduction of Theorem 1.4 to Theorem 2 .1 , suppos~ the

hypotheses of Theorem 1.4 are satisfied . We extend to a canonical

transformation of R2
~ to JR2’

~ in a standard fashion [7] . Set q

arid ~ (~~~(Q)) T P where denotes the transp ose of the matrix C

The transformation (P ,Q) — ( p , q )  is canonical if and only if

(2 .2)  cT;c 2

where
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1. 31

‘ 
J , ( 

~it ~ ’ ‘ 
II p 15 

t h 5 t ‘ 
ft 

~

-

F’ c i i i  ci : ct ~~’ t ’ ~- t  p , t h i : :  ~v t h l  P~ [t i e  c i: : , ’ i t  an~l t o t i l v  if  ~.

i s  .i ‘:~~ OI t O t  t t I c  O at  I I  \ . l’to V s  ‘ I i  lv t i t t ’ :0 t i imctr\ ’  , set  ; ‘ 
~‘~~‘ :)  whet to

to - .. 

- 

t o - :  0 - I’ . It ’t t - t h - t o ’ t t ’ t h i t ’ eIt ’tne ti t in t h i ’ 
t h i  

~~~ and‘I I )

- 
e l : .oi o t o !  - . l ’ ! It ’t l

‘ ‘ ‘ 5 ’ -

H (p  1 ~~~
‘ 

- - ~ -

H - ‘H’ i i  ~~~ - l~~

5
’ 

1

t i t ’ . ‘1’
s ’  ~_ ‘ - — ~~— “ a
— i

~~’ ~ ~q . ‘ 1 t i t t
1 I : 0 

-

• • t ‘I’ 
‘ “ 1

i to i~ : ~~~~~ ~~~~~~ 
‘
~ 

‘ 5 t~~

~~‘ b : t - t t ’ , l ’1  (~~ 
, I ’ )  and ~~~~ I : ;  t I l t ’ t ’toI t e O ( t o l 1 ~ 1 1 l l s :  I t l 5 t t i i x  t o t

ll~ t l

0 s ’ 0 0  ~‘s u i  I I - i l  d ‘ri ~a t 1 V t ’ :: . f l i t ’ :0 I t i o I <  ‘ t t  V tot t i1~ 0i : 10 ‘n’ : I a i l s :  t o d l i

I’ , - i : - t e i 5 - t : 5 t o  t t ’5~ t O  ( . ‘ . H an~~1 t h l t ’I e t t ’ t s ’ t h t ’ t t a O t o t o F t l l 5 I t i t o O  I : ;  t O i t i o t l i s ’ . u I

1! : ; : :  I . I i  ir ,iosls ’11: 1:: to 5i l w  1 l a t l t i  l t o t i i a t l  :zv st t ’t i i

I. ’ - — , I’

- - -

‘- I S

1 i 1  I’ , - - h i 1  
- ~(~; ‘) F ’ , .

~ t t s ,~1~~ F ’ ,  t ; .’11 \ t -  • ‘ 11 K ( l ’ ,~ ,’t  I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Ill



“ 1 nNote in particular that V C (~ , R) and satisfies (V1 ) . Moreover

K E C (R~~~,~~) —observe the loss of a derivative— , K(0 ,Q )  = 0 , and by

(K1) for I Q I ‘- 1 and p 0

8p.
(P  K ) - 

\ t  P K  - ~~
‘ P K

~~~~ ~ 
~ 

p
i i ~~j 

~ ~j ~~1

= 

~ 
P~K~ (ft~

) 
~~~~~~~~ 

-
~~ o

so K satisfies ~K 1 ) . Lastl y (K ~ ) obt ains since

-T ‘5”

u r n  K(.. P, Q )  = u r n  K(~~s~s Q P , 
~, ( Q ) )  > 1 — V(Q)

for Q -  1 and P x 0 via (K ) )

Thus to prove Theorem 1.4, it suffices to prove Theorem ~ .1.

Henceforth we assume the hypotheses of Theorem 2.1 are satisfied . Let

~r be as in Remark 1. ~ with D replaced by B1(0) so fl~ is a compact

manifold in R

Lemma 2 . 5 :  Let H E  C1
(R
2
~~, R) , ~~~

1(1) fl~ , and � 0 on it

If ;(t) s a t i s f i e s

(~~ .b)

and ;(0) e ~ , then there is a r ep arameterization z(t)  of ~ which

sa t i s f i o : ;  (1 .1 ) .  In p drt icu lar if ~, ( t )  is periodic , so is z( t )  . 



~1

:~~~ . - t ;  I’1:is 1 : LcI:l::151 ~. 1 s t  [
~

] . 11 H , H C~ , t : U ’ : ! ’ .~~’: :~~‘!!

io:: :1 h a t s  lv t i s I t I  t ! t ~ :a ~ t . : t i  t ~L.P i : 1 5 i  c~ 
to - i a t ’  h1a ~: I t I !  li i:; :1’

- :o t he  t o t o t  t~ s pen~I j : : - ;  I low : :  to - b a i t :  too 5i~~d t i o s t  I 1 ( o )  - C .  I -

~ wh e t ’  O x  ,~~~ . i i  ~ C t W O , a - i t  :o~-:~ C O

H : I ~~~ :’..~~~~~~~s [ ‘ I
to~ o tot - ;-a :;is of l~~- i: i ~~ i . , I ’ - 1110: 1 1 5 1  l t o~ ;I ~ o s ’L t i t o i :  tot i i .  L I

, it  s; t t i ~~~s s to f in ~i a s u i t a I ~1c II a I i ;~ t j n t j  a p r i o s i l o  .-: L L . t j S ’fl : p -

011 . SUCh a t u n o t i t o t :  H \\ ‘ 111 Ot ’ t o 0 : l 5 t f l k - t~~- 1  : ; x t  . ~~ 0.:::;-s : - s

- ~t i  - s ;vf u I: ar ~ - t oot  : t i m - : : a i ’ I  - t o  tN var t a ti to Hal a pot to - n ~.

t h a : : ~t e t o t o  H

I~ ( V 1 1 , t l : 5 ’r5 5 i F s  t o L ’ O O t , i f lt O  
~~~~~ - ‘ 0 ~ u s h  t h a t

(~ .71  (V
q

( s i ) i ~~) \:~~.)  is

i t  1 — 
~~~~~- - - q 1 -

~ ~~“ . More over  hv ( V 1
) a a a i n , t H i s -

- -  - ( 5~ ) > 15) such t h a t  if

1 au~i a - I .~ s , t ! le : :  a -

\ ex t  O t H H t V ’  t h . t t  since  K(O , a)  0 , t h t o r ,  o x t : :t : : - 
- -

~~~ 

- -

~~ 
.~~‘) K (p, to l  - ~ if p and p - 1 - ‘

FIflLII1\ :: t o t . - t h at  there is ~i s t o T i : :t5 i : ; 1  M
1 

0 : s l t o  i l s t i t

— - T ~~~~ _ -
- - — —

--—
-~~~
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(2 .10) it c {z R2
~ I l z I  < M 1}

We can further assume that if ~ -‘ M1 and I~ I Is 1

(2 . 11) nun (K ( p , q ) ,  p j  ) > i

For a , b E R and a <‘ b , let X(s;  a , b) ~ C~ (R,  R) such that

X ( s ; a , b ) = l i f s I s a ;  = 0 i f s~~~b ;  and~~ .X < 0 i f a < s t z b .  Set

5- Il
X 1(p) 1 — X( Ip I ; —~~

— , p~ )

X
2(q) = X(~ q I ; 1 — 2 6 , 1 — 6)

(2. 12) ,~~

X
3(q ) = X(~ qI ; 1 ,1 + 6)

X4 (p) = X ( I p I  M1-fl , M1-t-2 )

Now we define functions V ,  i~, ~ as follows

‘/(p, q) X1(p) X2 (q) V(q)  + (l-X 2 (q))  X 3(q) V(q) + p 1(l-X 3(q))  1q 1 2

(2 .13) K(p , q) = X4(p) X 3(q) K( p ,q) + p2 (1-X4( P ) ) I  p 1
2

L H (p , q ) = K (p ,q )  + V (p ,q )

where p 1, p2 > 0 are free for the moment . The functions - insure

that 11(z) grows like for large Iz i  and the term forces

V(p ,q )  = 0 if l~I < ~l /2 and q~ < 1 — 2 6  

. 

~~-~~~~~~~~~~~ - - =- ~~~~~~~~~~~~~~~~~~~~~~~~ -— - ~~~~~~~- ~~~~~~~~~~~~~~~~~~~~ ~~
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Lemma 2 .14 :  For p 1, p 2 suff ic ient ly  large ,

(P ~~H~ ( z ) )~~~ 0 with strict inequality if p �’ 0 and ~I < I + 6

~~~~ ( p , H ( z ) )  � 2 p , 1 p 1 2 if p~ ~ M 4- 2
~

3° If p =  0 , ( q , H (0 , q) )  = ( q , V  (0 , q))  ~ 0 with strictq 1R 1
~ 

q ir~
I I i , - 0 0 0 l i t ’ ,’ if q ~ 1 —

Proof :

( 2 .15 )  (~~~H ( z ) ) ~~~ = X 4(p) X 3(q) (p ,  K~ (z ) )~~~ + 2p2(l-X 4(p))f p~
2

~ (X 3 ( q ) K(z ) _ p 2~ PI
2

) ( P ~~X 4~ ) 
fl 

+ X2(q )V ( q )( p , X 1p )~~ - S

from wh ich 1
0 and 2 ° follow via (2 .12), (V1) , and (K~ ) provided that

p2 is suff icien tly large. To prove 3
0 

, note that for p = 0

(2.. 16) (p, H
q

(O q ) )~~~ = (q ~Vq
(O 

~~~~~ 
( 1 X 2(q)) (q, Vq

(q ))~~

-
~ ((l-\2.(q)) V(q) 

- p1 I q I 
2

) (q, X3q)~~ + 2 p1(1-X 3
(q)) I q 

2

so 3
0 follows as above if p 1 

is sufficiently large.

Hencefor th  we assume p 1, p 2 are large enough so that the inequali-

ties in Lemma 2 .14  are valid .

Lemma 2 .17:  FI ’(l )  = .

S 
-~ -~~~~~

- - 
---- - S - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



I,

F’i’oot : Suppose t tr st  that  I p — 
Il l . Then \1(p) 1 . If in addition

I l l :)  I • th en ~° of Lemma 2 . 14 and the form of 11 imp 1i~ s that

q I . I i en ct ’ \ ~( q )  = I and

b-. !8) I \ 4 (p )  K ( o )  I 2. ( I ’ .1(p )) I p 12. 4 V( q)

We ~ai i  ,i :; : t i l t t , ’ ~~, 
- I so by ~2.. II), (2.. 18) cannot hi ’ satisfi ed if

I t o i t c e  p 1 
~~ \1(p )  1 , and 11(z) 1 . Since I

it tot h ow: :  t h a t  ( i ’  , q)  
~~
‘ . i. ouv( ’r seIy it  I P I -

~~ ~ 
and z e Tl~ • then

\ 1 ( pl  - I — \ 
~C ’ I 1  . Tht ’i et~~t e  11 ( z )  }1( )

N ext :;tlpF’ost ’ t h a t  I ~I ~i
1 
. Ilenci ’ \4

( p ) 1 . I f 11(z) 1

I :;o \ ~( s j )  I and

. I ’ ~) I K ( ; 1  I ( \ 1 (p) 
\,(‘i) I ( 1— \ , ( q ) ) ) V( q)

I~\ ( . ‘ ~~~~ C

~~~~~~~~~ 
t i- i)) 

-

‘1’h~’t , ‘tot t ’ ‘ l I  I - t ’~’ ~~
.‘ . 8 )  and \ •N) l t t ’nce 11(z ) 1 and z e ril

a’: .II ~t ‘Vt ’ • ( a  ~t t ’ s ’toi :.o l~’ i t  I t - ’ - I I I 
• i t i t l  ~ fl’~ , ( p) I \ ~(q )  a nd

K(;) I (\ 1(p ) \ , ( ~t )  ( 1 —  \ 2.(q) fl V (q)

-\: .  . i I ’o ~’~’ K( . -)  .‘ httiplie: ; \ ,N )  • 0 ati t l l l ( :)  l I ( ~~) I

-~~~~~~ ~~~~~
- - -

~~~~~~ ---- ~~~~~~~-



I . ’t t l l t l . i : ;  .‘. . ‘ ‘ ~i i t t I .~ . 1 7  i ’ ~I ii ~~t ’ l i i i  p t t ’ t ’t ~‘t i ’ b t , - s t t t t t t  . — I to t i t : ~i t t t ~:

I t t st  ~0~hto  : t ’ t L I t t o i t  t ’t t - ~ . ‘) ot t  ~~ . w i t h  I I  t h i ’ t i t t t ’d l~ ( 2. . I ~) .  W ’  : l t , i I  I

deb t m u t e  : ; i t ~~h t a ::s~~t u t j s t i t  bu t  l’ , ’to t , ’ ~h t t i t q : : t t t t  1 : :  t ’oI t V c - I I i c ’ I t t  to :t.i ~~~ , ‘ t i , ’

t I l l t h t -i Il ls  ‘5 h t t  i s  ~t t  it ‘I t  t t ~ I I  - ~~t t

( 2 . .  2 . 0 )  ; : 1 1 ( o )

N o t , ’ t I t a t

• 2 . 1 )  ft • i i  ,( ~‘ ) )  - 2. : ~~I , I1

Is ‘t a l l  -
. t . &~u m ~toa l t i ow i s to I I t td  a p t i s ~~l i ~ 

- : t  t I  t i t  P ‘ i i  ‘ C

12. . 2 . 2 . )  ‘
~ H 

—
_

ott 1 1 1 ( t )  tot ~t l i :ati ~i l t  - (~ , t t t d l e t  0 to tt et a ~‘c ’ t i s ’s I i 5  : . t ’t t I t i t ’ l t  t o t

(2. - ‘ )  t ’ t t

L:i ~ r—’ T~~~~~ - — -- - ~~~~~ ~~~~~~~~~~~~~
— -------- -- 

-



- - ~~~~~~~~ -- -‘-- -~~~~~ -- - - - -~~~~~~-- - - —‘- - - -~~~~~~~~~~~~ -- -

14

§3. The existence proo f

Suppose z ( t )  Is sI periodic solution of (2. . 2 . 2 . ) .  Since i ts  period T

is a pr iori unk  U O WU  , it is conve ni em it to make the change of t ime varia b1 ’

-
~~ t \ H t  so that ( 2 . 2 2 . )  become s

(~~.l)

with now a 2. a periodic funct ion .  The par ameter \ mu st  be L1etertnin ~’d

in the course tot the  proof.
1 1 ‘ Ii

Set i: (W ~(S ))  and for ~ , let

— L f çj ( : ) d t
(1

1)efiiie

s {_ - t:~ ‘ l ( : )  t )

A:; was itoted in the I ntm -o d llc t (ot t  , any cr i t ical  point of

A(~~) J ~~~ q)  a l t
0

ott S w i t h  a ttotio.eto Lat tz’a t l t j , ’ m u l t ip l i e r  provides  a sotiitio tt of ( . 1 )  ot~

Si Us ‘e we k now tot no dit ’ec t method to t i m i d  Such c i i  t ic5i 1 pot lI t S , we

bt ’ t j  iii wi th an a p p r o x i m a ti o n  5i t - s n m m e n t .

- 
—-----~~ -~~ T



Let , , s ’ , denote th e u sual orthonormal basis ln and set

= spa n ( ( s i n  j t) 
K 

(cos jt) e
L 10 ~ j m • 1 -— k ~

- 2.n)

and S~1 S 11

Lemma .2 .  : is a com pact C ma n ifold wh ich bounds si neighborhood

of U in  1~I t t

Proof : For , E , If ~ ( z  )~ denotes the Frechot derivat ive of ~t

at 5ictinci 011

( 3) : ‘ (o) ;  ~~ .I~ 
(H

EZ (z)I ~~~~~ dt

l l a ’ilce h’, (2. .2.1)

( i  ~1) ( o )  (p ,  0) ~ ~ II ~II 
2.

L”

if  p t) , P ~ tot Lemma 2. • 14

( 3 . s,) ‘ ‘ (z)  (0 , q )  (1

L I t l l , ’ : ; O  I~ q(t) I — b . Rut t h en

((1 , q) -
~~~ ~I 

( I  - \ ,( 11)) V( q )  dt ‘~~
- (1
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so (0 ,q )  ~ Sm - Hence !“ (z )  s 0 for z . Sm and by the implicit function

theorem , Sm is a C 1 ma n ifold In

Next observe tha t if i U atld II zIl E
, ‘I-

(3 .~~) ~(r z)  
~~ 

f  t 

I p , ( l -\ 4 ( r p) )~ p 1 4 p 1( 1-\ 3( rq ) ) l  q~ ~J dt

as r -— . Hence S~1 Is compact. Lastly observe that for (0,q) Em
with q , ~ 1 , by ( 3 .  ‘-s ) — (.3. t s )  there Is a uni que r = r(q)  such that

L
‘i(0 ,rq ) i 1 . Since - 1 ( p 1 q )  ? i ( O , q )  , ( 3 . 4 )  thet l shows if

1 q ~ 
si q ) (if q � 0) and I~ p~ 1 , there is a unique

L~ 17
= s ( p,  q)  ~

‘- 0 such  that i (sp • q)  = 1 . It follows that Sm bounds a

neighborhood of 0 in F which for fixed q is star—shaped with respect

to p . The lemma is proved .

Next  we exploit some invar iance properties Inherent in our spaces

and opera tors. Let , , E~ denote respectively the sUb SpaceS of

E m on which A is positive de f in i te  , negative def ini te  , and nu l l .  It is

easy to repr o sent t he s e  s pOet ’s expl ic i t l y, namely

I.) 1spa n (e~ - 1 - k - .~nj

= spa n ((sin j t)OL -(c os i t )e~~4 , (cos I t )e k 4 ( s in  j t)e~ 4 ( 1 j ~ m ,

- k n)

1 = span ( ( s i n  J t)e L 4(co s j t ) e~ 
~ 
, (cia s j t)e

k
_ (sln J t )e~~4 Il

l j - m

I ~~
- K - ml )

‘ -



- - ‘~~~~~~~~~~~~~~~~~ ‘ -- - - ---~~~~~~~ ‘

These subspaccs are orthogona l under the L2. inner  product and are

invariant  under the fa int l y  of mapping s z ( t )  -
~~~ z(t 4 r ) for a ll ‘t [0 2. a ] -

This fami ly  of mappings  induces  an S action on E
m (

see [8] or

I i ] ) .  A eohomoloqical index theory for compact Lie group actions developed

in [8] can be applied to our setup here . Let C m denote the f ami ly  of

subsets of E \  {0) which  are inva r i an t  under the above S1 
action , i - e.

B C 
~
‘m impl ies  z (t  -

~ r ) ~ B for all m € [0 , 2ii J whenever z( t )  * B

A mappin g f E m E m will be called oqulvariant  ~ ~ m C m -

Similarly a mapping g : F
11 

R will  be called equivar iant  if

g ( z ( t  4 -r )) = q ( z ( t ) )  for all -r [0 , 2. ;  and z € E m - Note that  A and

-
~ are equivariant mappings .

Lemma L7:  There is an index theory , i . e .  a mapping i : C m — T h ’ J  u {
~

)

which possesses the following properties: If B , B~ ~

j
0 i ( B)  -

~~ -~~ - if arid onl y if B n C0 
=

2° if there is an f € C (B, B) wi th f equivariatlt , then i(B) i( 13)

3° i(B U B) i(B) 4 i(B ) -

4 ° If F is an invariant  sub sp ace of E~1 e E~ and ~ is the boundary of a

bounded open invar ian t  neighborhood of U in F , then i(~.) = -
~
- dliii 1’

S° If B € C m with 1(H ) ~ mn , F is an invar ian t  suhsp ace  of

containing F° and having d im F -- 2. mtl 4 2.n 4 2. , then B fl F ~ 0

5 — - -  

~~~~~~~~~~~~~~~~~~~~ — —

‘ -~~~~



- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I . -,

Proof: The definition of the index and proofs of 1
0 

- 4~ as well  a: ;  o th em

properties of index can be found in §6—7 of [8] and ~~° is Lemma 1 . 2 . 1

of [3] -

An immediate consequence of Lemma 3.7 is

Lemma 3.8: I(S
m fl E rn )= mn

Proof : Since dim Em = 2mn and £ is an invariant subspace of

c E~~ , Lemma 3 .2  implies Sm fl E~ is the boundar y of an Open

neighborhood ~ of 0 in E m The equivariance of - imp l ie s  ~ ~
Hence the result  follows from 4 ° of Lemma 3 .7.

At this  point it is convenient to further  assume tha t  H (and ft -r s - t o t

H )  € C
4
(~~

2ri
, R) . We will return to the case later . Since ~\ i s  a n

‘qui variant mapping defined on Sm E C m there is a s tandard  lilt ‘thod or

trying to f ind crit ical values of A l  Sm 
• Define

(
~ . 9) Y . = inf max A(z) 1 - j - 

m n

BC 
~~ 

zE B

i (B) 
~ 

j

Lemma 3 .1(t : 
~
‘
j, m is a negative critical value of A , I -

Proof : 51t~ ’15’ i(S fl E
m

) = mu

m 
- ‘

~mn , m A (1 -

—-a- - - -
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Since LI ~ , the  r emainder  oh the proof is standard . See e.g - Lemma

1 .lt ’ in [ 
~

] -

Not ,i il t o t  t he  critic al v a l u e s  obtained in Lemma 3.10 are of use to us.

E. g . :~~:;~ -e A i:: not bout ided from be low , ~i , m 
— — -~~

- as m ~~~~~~
- -

Accord i ti~; lv w~ - t 05 1 5 1 5  our at t e n t i on  on c = Y - Heuristically c- m mn ,m m
i: ; the  I a t  ::~ i -~:a15 i v t ’ ~‘ritica1 va lue  that  A l Sm 

possesses. Let Z
m 

be a

critical joi n t s ’orr t - : :pot l di nst to c , i . e .  A(z ) c and

(3 .11 )  A ft ) ;  - 
i 

‘ ‘( z )  , 0

for a l l  ~ I : ::~ 
. h-’ tol ‘Li i n a solution of (~ - 1) , we wil l  fi nd upper and

low - 1 ‘to: ns 1 :1 for 
~

‘ 

:t i  
for ‘

~ 
, and f i nall y bounds for z m U 

These

e st i t n , i t  -s w i l l  l e  - i~-t t -rm ine d in the followi ng series of lemma s -

L emm a . 12 . : UP - t o  t F t  ~-ot ’tstants a
1 
, : , -

~~ 
I) and i nde pendent of in such

tha t

( 3 . 1  
~ 

- c - a ,

Mora’ovt ’r t b ~ -r - i s  ati - (1 such that if ~
- 

€ (0 
~

j ‘ °l Ond a , are

I : I t i t  1 i — :  ‘ : t  to t

~t t i ~
-
~ II  ( 0 )  (1 , ( 2 .  .13) sh o w : ;  t h er e ’ is a c o n s t a n t  NI , - 0 and

- p~ 
- i - - t t ~ at  n - h :  t ha t



2.0

(3.14) H (z) ~~
- + (M , + E ) j Z ~~

2

for all z ~ - Choosing z z(t) € S , (3.14) yields

2 :  M , 4
~~ 2.

1 = -
~~~~~ / H (z)dt — -

~
- 

~ - lHll
17

Hence

(3. 15) IHIL2. ~~ ~~~~~~~~~~~~ e 
~ 

2.M ,

for all z € S provided that 0 ~
- -_ M , which choice we make.

Similarly (2. .13) shows If p ~ mm (p1 , p , ) , there is  a constant ()

and independent of s such that

— 
p 3( 3 . 16) H (: : ) ~ —r — a

C

for all z E . Again C h O O S i t l 1 z(t ) E S in ( 3 . I t - )  qives

4 (1 4  ~3 ) ‘2 .
(3. 17) z !! NI -

17 \ 
p 3 -

Thus we have upper and lower bound s for z ( S in depen dent  of & € (0, ~~
]

To get the bounds for c , note first  that  th e form of A and F — imp ly
m m

(3.18)  c - max Aft) - ‘flax {~\ft)! € i : ,  II , = M3)
E s 17m m

= — ‘ M~ = 2.

- -



- ‘- - - --- .- - - - ‘--- - - - -_- - — --“-- --- - --- ------ —--- - ---—------
~~~ 

- -‘
~~~
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To q et the lower bound , let

F E ,~ ~~
- C0 

S~~df l  { sin t ) t ’ 1 
4 (cc: ;  t ) e~ 4 1,  ( i -os t)e

1 
— ( s i n  t ) t -~ ~~

Then dim F = 2m n  -f 2 . i i  4 2. , F ~ F
0 

, and F is an invar iant  suh space of

- Thus by ° of Lemma 3 .7 , if B € 5m and i( l3 ) inn , then

B fl F : 0 . Choosing at iv  ~: B (1 F shows

( 3  - 1(a) mm :\ ~~ Aft) - _ max A -

F R S  B

Since (3.19) holds for all B C S in satisfying i (B)  - nm , (3.17) and

(3 . 1 9) yield

( 3 .2 . 0 )  c miii A~ - m i n j A f t ) l z~~ F ,~HI I = M 4 1
~ F f l S  17

— .M ~~~ -
4 1

Remark 3.2 1: We now show how to treat the case in which H and theref ore

H is  merely assumed  to belong to Cl(I~~
u1 , R) - Let V~(q)~ Kk(~

:) be

sequences of funct ions  which converge uniformly in the C 1 norm to V and

K respectively on ((p , q) E ~~~~~ p 1 - - 4 2. , q I ~~
- 1 4 - Replacina

V and K by Vk , K
k 

respectively in (2.13) and (2 .2.0) def ines  funct ion :;

H K (z )  , H k ( z) where 
~~~~~~ ~~~~ uniformly in the C’ norm on

as K . Set



Zir
: k (z) 

~~ 
f  FL1~~( z ) d t

Then 
k is equivarlant on E

m and ‘1’
k 

-

~~~ ~ 
In the C’1 norm un iformly on

C . Moreover ( 3 . 4 )  — (3.6) show that for lar~, - ‘ . ,  ~~ ‘( I )  is a C2.

com pact manifold In E m which Is the boundary o: tn d t d neighborhood

of 0 . By the C
4 

case,  for each such k

k 
m inf 

— 
max ~\( a~ , I j mn

B C  
~k (1) z E  B

i(B) ~ 
j

is a negative critical value of A 1 
- — 1 1 - \Vi - \vi i c~~~v st u dy

~k m
K L K

~
‘ni ‘

~mn , m - Let z be a correspon ding cr i t ical  ~e i t i t  . Si nec these

er i t i ca l  point :; are unif orm1~- b ounded in the fin itt ii ~i nsie:i~t I :; p a ce E m and

- - -— uniform 1~- in C1 on C , a su f - sequ -nc t - et a 1. ceti verqes to aK 111 fl —

c r i t i ca l  ~o int  a of ~\ c: ; S m - l~ :o :-v - l a ’ I l f lj t j O f l  c m

~S 0 er i t h  ~i 1 \ d 1~iO to~ A o:; S
~ 

- A ;;  hiat - o t t 5 ’ : ;  ~- t :.~ ;‘re s ci Lemma 3 .12

:l : to~vs the e st im at e s  (3 . 1-1 ) — (3 - 17) w i t h  S re~ Li e -  ~‘h & - r ~’ appropriate  by

. 1( 1) can Pc assu tned  it m L-p ~-n d~ at o f as wel l  a .; : ;  a t i a  - Hence the

-on nJ: ( ~~ . 1 ~ ) and  ( 3  . 2 . 0 )  ho ld tot ~~~~
‘ i n i e p t ’n - - ‘a: lv - f ni , , and

a t ;. - - . . l . - t t ~inq k — , we at ’e ( 3 . 13 )  ho ld s  for c -In

For the  r em a ind er  of the  pt toot tot Theorem 2. - 1 • we as :~uIne we arc’ in

~~t . - ~~ ~ c 1 : ; t - - l b  a : : ; ; : r ’ t  : . - p ea ;t ’t i t  hound s for ~

T h t - t  - art ’ : ; t , i : ; t - • - 2. ~ ~t a~ t ; i epen dent  of ni suc h

~~~~~~~~_ --- - :TT__~~~-_ ~~~~



2 3

1 
— 
‘:‘i ‘2  -

. 1 1 1  ~vib: 
‘

:n a ’ ~~; 1
) m d  (p  , 0) , ~\ i

2 ~
) , q I it  I ~p , II  ( a  I )  dt -a -

~~~ 
a t im ~~n 0 in sp in

c (1 - ~~~~~ - : i ; -\- : : 0 - Moreover  by ~~.2- I ) , ( 2 .10’ ) ,

~ - .

- — -- 
~~

- M - -- 2. ( 
~ : 1  N I

-, — 4 
- .

s - :  - t  - - : ~v I t :  . 1 1 at  v. - : :  t he a pper i’OU n - I  I tot \ -
in

‘
, 1 - v  or :-o :a I :oi \ t a t o r a ’ i t t t i c u l t  to obt a in .  In fac t  we w i l l

ca l .  ci t a i t i  aa ma ~h,-e’t ;-stitnato . Thu s  supp o se  — — v  as m — - ‘

Sc :~~~~S, ’~~ii e t iCa ’ . Sin e 1-v (2 2. 1) ,

2. 2.
- I i;’ , I I  ( a  1) dt  2 ;~~ p 1 ,

- :‘ : 
-

~ 
- a p t : t  1, ti tn

t~:. - : .  - - ‘ - i i  -

2 — 1 I ~~ , - 
.~ , I) 

, 
dt

- - 1  t i  1

to a - ‘ s n  — v aleaa  some sub sequence - But 1 . 2 . -’) s~t oil :~l : ; t : : tot

V t ’ ::ea a ~-~; - t t i ye t -i -a ( s a  ‘c 2. - 2. ‘1 , sc t ’0~’h1 term tend s to 0 a:: ::i —

i n  : ~t it ’;: la t  - ;‘ , — U a nd i ta ;

-- 
-
~~~~~~~~~~~~~

-----—  --—— --
~~~~~~~~~~

- --—-—‘---- 
~~~~~~~ -~~~-
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a )  me asure {t ~ [0 , 2 ‘ J Pm(t)  ~ a)

- - ‘ a l l  1) , t~~( c )  — 0  as m — -‘ along our subsequence.  Since

(2 )  2 . .~~ 

- 

~~~~~~~ ~~~~~~ 
K(z m ) +

0 2 (
~~~’4 (P m fl P m + 

~~~ 
2. 

~~ \ j (P~~) \ ~ (q~~) V(q~~) +

(!_\ , (d , ) )  \ 3 (q~~) V(~~~ ) 4 p 1( l_ \
3 (q~~)) 

~~ 
2~ dt

I: - i - i l :  f~- I i c ; ; s  - m t . b’ . f i r s t  four terms on the r ight  hand side of ( 3 . 2 6 )

a- : n i : - IS rn - - - - - Moreover choos ing ~. = (0 , q )  In (3.11) yields

-

~~~ 

- 

~~m ’ ~~c q m ~~~~n dt = i u  \
4(P~~)\3(q~~)K(Z~~))

fl

- (d m a \ .~ ( P ~~ )K( Z
fl1

)\
3 q

(~~~~) )  
,~ 

4 
~~~~ ~~~~~~~~~~~~~~~~~~~~

- (- ‘ tn ’ ~~~~~~~~~~~~~~~~~~~ ,~~ 

4 (ci~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

- 
~~~~~~~~~ ~3 (~~~~)V( q~ 1)\ , ( q )) - (~~~~~ i ((l_\ ,(q~~))V( q~~)_ Pl~ ~~ 3~~~~ n1~~~~n

- ; 2. P 1( I_ \ 3 (q~~) ) Iq  ~] dt

Kb) , ~ l = S , K ( 0  , q)  0 and the f i r s t  two terms on the right hand side

o~ ( ; . 2 . 7 (  -:0 to U as in — - -- along our subsequence.  Likewise as in

.2 • 1 ta. - n ex t  tw o  t erms in (3 .2. 7)  tend to 0 as m — - The remaining

- -j r  t i  at s  5 a r ~ :;~ - t m  ‘; - ; i at iv e  and since the left hand side of (3 .2.7) tend s to

(1 , each of these terms also goes to 0 as m - — ~
- - In particular

-- - - ~~~~~~~. 
—‘- 

~~~~~~~~~~~~ 
—

~~~~~~~~~
- a - -  ‘



~~~~~~~~~~
-
~~~~~~~

--
~~~~

-- - -
~~ 

- - -
~~~~~~ 

(3.28) 
~~~~~~~~ 

( l_ X
3(q~~) ) I q  2 

dt ~~0

and

( 3 . 2 . 9) ~~~~~~~~~~~~~~~~~~~ V
q

(q~ ))~~~ dt --~ 0

as m ——~~ - On examining ( 3 . 2 6 )  again and using ( 3 . 2 8 )  , we conclude

that

Z n
(3 . 30) 

~~ J (l-X 2.(q ))\3(q )V(q~~ d t -1

as m — ~ - But (i— \
2.
(s))’~3

( s )  is nonzero onl y for I — 2 . 6  S - I -f 6 -

Hence by (2 . 7 )  and (3 . 3 0 ) ,

( 3 . 3 1) 
2. 

( t ~~~~(~~~) )  ~ ~~~ ~~m ’ Vq (q
15

)) Ut -

J~ ~~~~~~~~~ 3~~~nt~ 
V ( i ~1) U t  - —

t~ ; fl a .- - ,ilo,iq ii - a  h ’n- a , - ; ; t r ~~~- n -  (~~. 2 . 9 )  — Coi ’ ’ ;t - 1u on t Iy

t h a i -  mu : ;L  • • i a t  - a.  a , - t a t - - a i ~ at  of b

( ) : i t  - ~ a I - - t i  a; - - i i  • -

[ a .  r -  I - - ‘  
-
‘ - : .  t a t  \~ a - i n n  i r i s h .  pend ont  of Ifl s uch  t h at

- _ _ _ _ _ _ _ _ _ _ _ _



-,—-- ~~
_ _- - - — - --~~-- -

Proof : Using (3 .11) with ~ (r i m , 
~~~ 

and the Schwarz inequality yields

( 3 . 3 3 )  Ikm I! 2 ‘~m I € z m LL -

Since H~ (z) grows at most linearly in z , the bound fo r II 2 1 1  E 
now

follows fro m (3 .17) ,  ( 3 . 3 3 ) ,  a nd ( 3 . 2 . 3 )  -

Combining the estimates given in :he above lemma s now qives an

existence result .

Lemma 3.34: There exists a solution (A , z ) of (3 .1)  wIth
C C

z . C1(S1, R2.n
) and H ( z (t))  1

Proof : Lemma s 3 .22 and 3 .32 and the Subolev imbeddlnq theorem Imply t ha t

along some subsequence Z
m 

— z weakly in C and strongly in L ’ and

\
~ —~\ 

-
~~ 0 where ( a , , z ) satisfies (3.11 ) for a l l  L ~ I F -m c c r m~~~IN Hi

Hence z i S and is a weak solution of (3 .1) with \ = \ - It readi ly

follows that z satisfies (3.1) pointwj se a .e .  But since f l (~- )  Is

cont inuous , z must be continuously di fferentiable. Hence a Is a

classical solution of (3 . 1) .  Lastly 1-1 (z ) con s tan t  sInce ( 3  . 1) is  a

Hamiltonian system. Therefore z ~ S i mplies that 11 (c ) =

It remains to let C - — I) and obtain a solut ion of

_ _ _  
-- - 

_ _
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2.8

Then

( 1 . 3 8)  ( q ,  H~~q
( Z ))

1~ dt 
~ 

Ii +

whore 1~ (resp. 1) ) denote’s the Integral over the sot In which I P(t) I ~ o

(re’s p. I p( I ) I - — e ) and o Is tr ee for now . The bounds for I i l I q I
on l1~~( 1) impl y  that  theta ’ Is a constant M 0 such that

kg, (
~ )) I -

a~ )

tot i l l  ( [0 , ~~~ ,tti d ( p , q )  U
1
( l )  . Therefore ( -1 .38) — (3 .  Q )

I ni~’h t h at

( 1 .4 ( 1 ) — I~ — t( a’) M -

(‘tioos i t i t i

( 1 . -Il ) - - ( i
i 

.‘

- 1) and

( 1 .4 2 . )  L I , (5) I KI t ’ , ‘i) ( I - \ 2 . ( q ) )  V(q ) 
~ 

2.

LIon. ~~‘ by ( 2 .  t ) )  an t !  ct ia ’Ia - a ’ of , ( 1 .4 2 . ) ,  and ( 2 . 8 ) ,  q “ 1 — —

a ’t a i i s c ’qti a ’ t m t l y  \ 1( q )  = 0 and the  tn t eq raumd in the’ I I term Is
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(q , K ( z ) )  4 (q , V (q ) )q R n q R n

Set

~ (u) = max {( ( q , K (z ))  n~~~~i 1 , I~~ l - - a)q R

Since K q
(O ~~r i)  = 0 , ~ ( o)  — 0  as a — 0  . Thus by ( 2 . 8 )  and ( 2 . 7 )  b r

0 - - ~ l/  ~

‘1 
_: ( 2 ’  — r ( o ) )  (~ - — ‘ (a)) -

Further choose a such that

(3 .4 3)  L~~( 0 )  -

Then

I~ 
-. ( 2 . n  — -t ( o ) )  ~~‘

dod by ( 3 . 4 0 )

£ 
-~~ ~~~~- — -r ( o ) ( M  4 

~~)

Thus If

T~~ ~~~~~_
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(3.44) r (a)  ‘— 

a

(3.45) ~~~
. > -

If , on the other hand , ‘r(a) ~ , by ( 3 . 37 )  and ( 3 . 4 2 ) ,

Z i r
(3 .4 6) 

~ 
f  (p , K ( z )) dt � i(a)  Y ( a )  ~ ~, Y ( a )
0 p R n

where

Y ( a ) = min {(p,, K (z) )  n k~~ I~ l ~ M 1, I~ I ~ i) - 0 .
F

m any event , (3.45) - (3.46) show

(3.47) ~ mm (~~~L , ~ y ( o ) )  M 7

where a is now fixed and satisfies (3.41) and (3 .43) .  Thus (3 .47 )

provides the desired lower bound on x

Finally the differential equation (3 .1) coupled with our upper and

lower bound s for X and the pointwise bounds for z(t )  yield the bound for

lI z il
C

Completion of proof of Theorem 2 .1: Let ~ -.0 • The bound s (3 . 3 n I and

(3.13) which hold for c~ = A(z~ ) together with the differential equation 

— - - ~--~~~~_ _ _
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(3.1) show a subsequence of ( , , z )  converge to a classical solution
(~~, z) of

(3 . 4 8)  z = -~

with z 2. a periodic and z e tT, -
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